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Abstract

In this paper, a VLSI design of a modulo-extractor based
on the principles of Residue Arithmetic is discussed. A method
for computing (X),, for specific values of m is analyzed and
the area-time complexity of the proposed structure is de-
rived. The circuit has been implemented in 3u CMOS3DLM
technology and simulation results have yielded a propagation
delay of less than 100ns.

1 Introduction

The rapid advancement in micro-electronics in recent years has
opened new avenues in the field of Residue Number Systems (RNS).
The RNS based processors which were so far considered impractical
are now being investigated for implementation in VLSI [6]. Residue
Number systems are characterized by a high degree of parallelis-
m, regularity and modularity which can be exploited in VLSI to
build high speed digital circuits and RNS processors [7]-[9]). These
structures lend themselves to several applications in signal process-
ing (digital filters, FFT, DFT, convolution), in the ALU of digital
computers, in high speed arithmetic units such as fast adders, mul-
tipliers, random number generators [10}-[13].

Many real time systems which require high speed number crunch-
ing cannot afford to emulate in software. By migrating the design
from software to hardware, system performance can be enhanced
provided the problem is viable for hardware implementation. In
the context of VLSI, the special purpose processors/digital circuits
designed should have high throughput with reduced area-time com-
plexity. In this paper, the hardware design of a modulo-extractor
based on RNS for computing the function X mod m for specific
values of m is discussed. The paper is organized as follows. Sec-
tion 2 introduces the basic definitions and terminology of residue
arithmetic with respect to the application at hand. In section 3,
the asymptotic area-time complexity of the proposed model is de-
rived. Finally, the VLSI implementation of the modulo extractor
and conclusion are discussed in the end.

2 Residue Arithmetic

Let X and m be any two integers with m > 0. Then we can write
X = mq + r where q is the quotient and r is the remainder such
that 0 < r < m. The remainder r, called the residue of X mod m
is designated by r = (X). The solution to (X),, is obtained
from the remainder of the integer division X/m. However division
is very expensive and does not lend itself to easy implementation.
We are utilizing residue arithmetic to design a modulo extractor
with reduced area-time complexity.

The modulo extractor discussed in this paper is capable of com-
puting the moduli of the forms 5,47~1,8**+!, In addition the mod-
uli of other composite numbers which can be expressed as a product
of prime factors can be determined through the application of the
Chinese Remainder Theorem (CRT). In the following sections, the
theory behind the use of residue arithmetic in the modulo-extractor
and its formulation are discussed.

Let N be a number system defined in radix 8. Then any number
XeN can be represented as an n-digit tuple z,_y,%n-2,..., 21, %0
such that X = Y01 fiz;.

2.1 Calculation of modulus g*
For k < n — 1, the number X and (X)g» are written as
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Therefore the number represented by the least significant k digits
of the representation of X gives the modulus (X)gs.
2.2 Calculation of modulus g% —1

Before proceeding further, we state the following relations which
are important in this analysis.

(BYYpror = (B*-1+1)p_,
= ((B* = Dgry + (Dge)peoy = 1 (2
By a similar token we have
(B™)pror = (B pror = (1M)prg = 1 (3

Let Y5 denote the number represented by the k least significant dig-
its. That is Y5 = 521 2;4'. V] is denoted by the next k significant

bits given by ¥; = ¥-523 #4,:6* and so on. Then
(X)geoy = (Yo + BV + B2V, + .. B-DRY, _1)a

(Yo+ Vit ...+ Yot)pey (4)

where pg = [£]!. The number pg represents the number of k-bit
numbers to be added in the first step of the algorithm. After the
sum Z = E;’QEIY; is determined in the first step, we apply the
procedure recursively till the final result is less than 8*. The num-
ber of digits needed to represent Z is given by Z = [loggs Z]. Since
Z < [%]B*, the upper bound on the digit representation of Z is
given by _Z,,b = [ logg[R] + & ]

The problem therefore reduces to evaluating the much simpler
(Z)pr_1 due to a drastic reduction in its digit representation. The
number of blocks p; required for addition in the second step is
upper bound by

o= [ Dosalfied | -

The procedure is repeated till p; is equal to k& + 1 which implies
that (X)os_; is determined at that point. A decoding logic has
to incorporated in the final stage in order to decipher the case
(ﬂk - 1);3*-1 =0.

1[£]: The smallest integer that is greater than or equal to x



A recurrence relation for the time complexity can be defined as
follows.

T(Mog[3] + K1) + t([3]) ifn>k+1

2t(2) + ¢ ifn=k+1 (6)
¢ ifn<k+1

T(n) =

where t(n) is the time taken to add n k-bit numbers. When n=k+1,
the number of levels of reduction needed is two at the most. The
term c represents the constant time needed for decoding the zero
condition given by (#F — 1)5_, = 0.

We can summarize the above discussion to compute (X)ge_, as
follows.

Procedure: 2.2.1 (X)ge_y can be determined through the follow-
ing procedure;

1. Represent the n-digit number as a weighted sum of powers of
B¥ as per eqn.(4);

2. Compute the sum of the [}] k-digit factors;

8. Fvaluate the modulus of the resultant sum represented by
[logs %1 + | digits with respect to §* — 1.

In situations that warrant a simpler, modular and expandable
structure from the design point of view, a variant of the recursive
approach termed as the bit-sliced method can be used. In this
method, the bit-slice s is chosen in such a manner that s divides
n and the given number X can be partitioned into I blocks such
that the following relation is valid.

(X)m

(Yo B'Yr £...+ 1 Vyp),,
({(Yo)m £ (V1) £ ... 2 (V2 1)m)m (7

The residues of each of the £ sub-blocks are evaluated using the
recursive approach outlined earlier and the outputs are passed to
a cluster of residue adders. As shown in Fig. 1, the residues of
the s-bit sub-blocks form the input to the residue adders which are
arranged as a tree. Details on the structure of the residue adder
is explained in the later section. This method is practical in cases
where m is a small number.

2.3 Calculation of modulus g* 4+ 1
Making use of the properties that —1 = 8* mod 8* + 1 and
~1* = ™ mod 8% 4+ 1, we get
(X)grgr = (Yo+ BV + %Yz + ... 0%%) 0y,
(YO—Y1+YQ—Y3+...:EYN)51;+1 (8)

Evaluation of (X)gs,, is effectively reduced to addition and
subtraction and the recursive method can be used to determine the
result.

Having explained the principles for evaluating the modulus for
a number system defined in radix-f, we consider the special case of
the binary system for which 8 = 2 which is a tenable proposition for
digital implementation. In the following sections, the application
of the Chinese Remainder Theorem to the X mod m problem and
the theory of Relational Calculus will be elucidated.

2.4 Calculation of modulus of composite numbers

The CRT provides an elegant method to evaluate {X)p when M
is a composite number [3, 4]. If M can be expressed as a product
of mutually prime? numbers m;,m,,...,m; for which the mod-
uli are known, then X mod A can be generated in terms of the
prime numbers. Let M = [J%, m; and (X), = r; where r; is
the residue of X with respect to m;. Since the m;s are mutually
prime, we can write M) = M/mq, M, = M/m,,..., M} = M/my

2Two numbers x,y are said to be mutually prime if x and y have no common
divisors. GCD (z,y) =1

such that GCD (M;,m;) = 1. We can find numbers N; such that
(NiM{}m, = 1 and

(XInd = (MMM +12N2Ma + raNsMs + ...+ ra NeMa) )
If we take the modulus of eqn.(9) with respect to m; then
{XIMmy = (X)my = (riN1 M), (10)

The other terms in equation(9) will be zero as they contain m;.
Since (N;M)m, = 1, we get (X)m, = (r1)m,.- From the above
relation, it can be concluded that (X)m; = r;. By determining the
coefficients N; and M;, (X)p can be computed in terms of moduli
m;. When the m;s are not mutually prime, the above procedure
can be used to determine X mod M rather than X mod M and M
is represented by the least common multiple of my, m3,...my.

The inherent disadvantage of mapping the CRT directly in hard-
ware is the additional overhead incurred in the form of multipliers,
decoders and residue converters. To circumvent this problem, a
residue mapping function (RMF) given by F(z): P — Q is defined
as follows.

P
Q

{The set of all residue classes generated by {(X)a}
{n1,n2,...,n0, | n1,n2,...,nk is a k-tuple string and
ni=zmodm;,Vz:0<z< M—-1,i=1...k,
my.my,...mp = M}

F = {(z,n1,n2,...,nk) | zeP,ny,ny,..., 0k € Q} (11)

It can be shown that the RMF is homomorphically related to the
CRT. For the sake of brevity. the proof is not presented here. From
the implementation and hardware complexity point of view, the
RMF is a better candidate than eqn.(9) since the required boolean
logic for computing the modulus of M can be derived easily from
the mapping tables of the residues of its prime factors. The need
for multipliers and other residue decoders can therefore be avoided
in the RMF.

3 Area-time complexity

In this section, the modulo-extractor is evaluated as an asymptotic
VLSI design, that is the order of complexity in terms of silicon
area A and the response time T of the circuit. Expressions are
derived for both the recursive and bit-sliced methods. To analyze
the area-time complexity of the circuit, we consider the cases when
m=2F—1 241,

3.1 Recursive Method
3.1.1 Area

The recurrence relation for the recursive method given by eqn.(6)
suggests that maximum complexity occurs when the addition of
([%]) k-bit numbers is performed in the first stage of the algorithm.
The subsequent steps are, by and large, less involved since the
representative size of the number is reduced logarithmically given
by eqn.(5). It can be stated that the area and time complexity of
the circuit is therefore dominated by the addition in the first step.

Assuming that each k-bit adder has an area O(klogk) [2], the
number of adders needed in the first step of the algorithm is [£].
The area complexity of the circuit is given by

Ar = Klogk[ 7|+ klogk [ Dosfflehl | 4
+O(klogkloglog [ £ |) (12)
~ klogk[ 3 | +logklog| ¢ |
=oft]h ik (13)



3.1.2 Time

If the adders are arranged in the form of a tree the number of
steps to add [§] &-bit numbers is log[2]. If each k-bit adder has a
time complexity O(logk) {2], then the total time complexity of the
circuit is given by

T = logklog[ 2 ] +10gklog[ ﬂosf§1+k1 ]+

+0 (Iogkloglog[ 2 D (14)
When n > k, we have
T = O(log[ £ ]) = O(po) (15)

Hence the area-time complexity for the structure is obtained by
combining eqns. (13) and (15) to get

ATr = O([ ¢ Jrog[ £ ]) = O(olog po) (16)

where pg = [}]

3.2 Bit-sliced Method
3.2.1 Area

As was explained earlier, the crux of the bit-sliced method lies in
evaluating mod m for each bit-slice of length of s using the recur-
sive method and the output is processed through the tree of residue
adders as given in Fig.1. The residue adders are improvised ver-
sions of conventional adders in that they accept the residues from
the previous blocks and compute the resultant modulus. In other
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Figure 1: Hierarchical diagram of bit-sliced modulo extractor

words, if (X;)m and (X3}, are known, then the residue adder can
determine ((X1)m + (X2)m)m. For example, when m = 2F — 1,
the residue adder determines the result according to the following
conditions.

L I (X1)pe_y + (Xa)ax_y < 2% — 1, then the solution is given
by the result (X1),x_3 + (X2)on_,.

2. (Xa)ge_y + (X2)ax_y = 2F — 1, then we have a string of k
1’s and the result is decoded to be zero since (2* — 1),_, = 0.

3. I (X1)au_y + (X2)gx—y > 2% — 1, then the addition will result
in a k + 1 bit number, then

((X1)an oy + (Xa))pr_y

(2" + ((X2)aa oy + (X2)on g )an)an oy
14 ({X1)a0 g + (Xa)au_g)on Q17)

"

We get the required solution by adding the carry bit to the least
significant k-bits after the first addition is performed. In effect,
two levels of addition is performed. The residue adder (RA) is
composed of two adders, the first one for adding the two k bit
numbers and the second for absorbing the resultant carry, if any,
to the previous sum. The adders can be constructed to have a area
and time complexity of O(klogk) and O(logk) respectively while
the decoding circuit for the zero condition can be taken to have
constant delay. A similar structure is used for the case m = 2% +1
but with subtractors instead of adders.

The area of the circuit using the bit-sliced approach is composed
of two parts, namely, the area occupied by the bit-sliced stages and
the residue adder tree. Since there are 2 mod m blocks, the area
for the bit-sliced stage is given by

(g) [klogk [ £ ]+ klogh | Dos[fl#hl |,
+O(klogkloglog | £ ])] (18)
>4, < %['ﬂclogk[ t] <7klogk-} (%+1)

e < (3 2) ot [ 14
=4, < 0([%]+§) (19)

and v is a constant.
The area for the residue adder tree is given by

4, = (g—l)klogk (20)

When n > k, the total area (As) of the bit-sliced approach is
obtained from eqns.(19) and (20) and on simplification we get

As = o([f]+§)=0(MAX(pO,N)) (21)

where N = 2. Thus the area of the bit-sliced approach is dominated
by either po or N which ever is greater of the two.

A,

3.2.2 Time

The time complexity for the bit-sliced approach is dictated by the
delay of the s-bit modulo blocks and the delay of the residue adder
tree. The delay of the s-bit blocks, T, follows eqn.(14) except that
n is substituted by s. That is

T, = logklog[ £ ] +logklog[ E‘-"—riﬂ ] +
+0 (logkloglog [ $ ]) (22)
The residue adder tree has a delay given by
T, = logklog-g (23)

Thus the time complexity, T, of the bit-sliced approach is given
by combining eqns.(22) and (23) to get

Ts = logklog| % | +logklog [ [os[f1+H] |

+0 (logkloglog [ £ ]) (24)
When n > k and for small s, we have
Ts = O(log[ b ]) (25)

The above equation suggests that the time complexity of both
methods considered in this analysis are comparable. If we take
into account the second order terms, the bit-sliced approach will
be faster than the normal recursive method depending on the ratio
n/s,

The area-time complexity of the bit-sliced approach is given by

o[ 2 1ws[ 2], 2108 £ 1)

O (MAX (po log po, N log po)) (26)

ATg

It



Table 1: Chip statistics of the implemented 16-bit modulo extractor

16-bit Modulo Extractor

3u NTE CMOS3DLM
4545.1x4545.1 u?m
3681.1x3681.1 u?m

Technology
Area of the chip
Area of the core

No. of active pins 38

No. of standard cells 1392

No. of transistors 5156
Propagation delay (worst case) 95ns
Area*time 1.2873e09 nsu?m

4 Implementation of Modulo-Extractor

A 16-bit modulo-extractor with moduli 2,3,..., 10 has been imple-
mented in 3u CMOS Double Layer Metal technology. The schemat-
ic capture of the circuit was made using the Cadence design tool.
The statistics of the chip are given in Table 1. The VLSI layout of
the modulo extractor is shown in Fig. (2).
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Figure 2: VLSI layout of implemented 16-bit modulo extractor
(34 CMOS3DLM)

5 Discussion

The proposed structure has significant advantages in terms of speed
and area over the model proposed in [7]. It has been claimed that
the VLS structure for computing X mod m has a response time of
less than 200 ns for 32-bit numbers. In our model, the propagation
delay for 16-bit operands is less than 100ns for the 3u CMOS3DLM
technology. It has been shown that the increase in time complexity
for the bit sliced method is proportional to log, po as the operand
length increases. The implemented model is totally devoid of any
multipliers and uses only high speed adders. This accounts for a
drastic reduction in silicon real estate and propagation delay. The
area-time complexity of the circuit is shown to be O(polog po). Be-
sides the structure proposed is amenable to pipeline implementa-
tion. The demerits of our model is that it cannot be used for prime
numbers which are not of the form 25=! or 25+1 and the mapping of
CRT through RMF for higher order moduli could be complicated.

6 Conclusion

The regular, modular structure of residue arithmetic coupled with
the silicon revolution has given a vibrant dimension to the imple-

mentation of RNS. The technological advantages of VLSI has made
RNS a viable proposition in terms of speed, cost, power dissipation
and chip density. In this paper, a structure for the VLSI design of
{X)m operation built using residue arithmetic has been discussed.
Expressions for the asymptotic area-time complexity of the model
has been derived. Technology scaling should provide a quantum in-
crease in performance and throughput. The circuit was simulated
in the 1.2 4 CMOS technology and it yielded a worst case propaga-
tion delay of less than 20 ns. The above modulo-extractor has been
used in the design of of a 16-bit mixed congruential random num-
ber generator. It also constitutes an integral part the Hypercycle
routing engine [14] which has been implemented in 1.2u CMOS4S
technology.
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